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Introduction

Introduction

Extension of Galois theory to differential equations,

Continuous groups of transformations (Lie groups actions),

Infinitesimal continuous groups of transformations (Lie algebras
of vector fields).

Families of first-order differential equations whose solutions are
functions of a particular family of solutions and several
parameters (Lie systems).

Lie obtained very important and relevant results, but his works were not clear, they
lacked precision, and contained obscure statements that led misunderstandings.

Lie classified finite-dimensional Lie algebras of analytic vector fields:

e On R, C, R?, C?, and C3 (this latter one partially).

o Several technical assumptions were used, and they are relevant.
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Introduction

Every first-order system of ordinary differential equations in normal form on an
n-dimensional manifold amounts to a t-dependent vector field.

. o dx’ .
X(t,x) = Dy Xi(tx) 55 <= - =X(£:x), i=1....n. J

Linear nonautonomous systems of ordinary differential equations admit linear
superposition rules. The equation

dx
dt
for arbitrary t-dependent functions ag(t), a1(t), a2(t), admits a nonlinear superposition
rule xa(8)(a(t) = x3(8)) — kxa(H)(a(t) - x(8)
x(t) = x3(t) — k(xs(t) — xa (1))
in terms of three particular different solutions x;(t), x2(t), x3(t).

= ag(t) + a1 (t)x + ax(t)x?, x ER,

x(t) =

Definition

A superposition rule for a system X on a manifold N is a function ® : N™ x N — N,
x = ®(x()s - - -, X(m)i k), such that the general solution x(t) of our system can be
brought into the form

x(t) = O(x(1)(1), - - -, X(m) (£); k),

where x(1)(t), . .., X(m)(t) is any generic family of particular solutions and k is a point
of IV to be related to initial conditions.

= =
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Introduction

Vector fields and differential equations

Proposition (Guldberg & Koningsberger up to 1893)

Every non-autonomous analytic first-order differential equation on the real line
admitting a superposition rule is a particular case of linear or Riccati equation.

Every differential equation of the form

dx

— = X(t,x), t € R, x € R,

7 (t,x)

for an analytic function X(t, x) admitting a superposition rule is locally diffeomorphic

around a generic point xg € R to

d;
d—: = co(t) + a(t)x + o (t)x?, teR, x €R,

for some t-dependent functions cp(t), c1(t), c2(t).

The Lie—Scheffers Theorem

A system X on N admits a superposition rule if and only if X =37 | ba(t) Xy for a
family of vector fields Xi, ..., X, on N spanning a finite-dimensional Lie algebra V of
vector fields and certain t-dependent functions by(t), ..., br(t). We call V a
Vessiot—Guldberg Lie algebra for the Lie system.
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Classifying finite-dimensional analytic Lie algebras of vector fields

Lie algebras of vector fields on the real line

Proposition (Lie 1

Every finite-dimensional Lie algebra of analytic vector fields on R admit an analytic
coordinate system, around a point where one of its vector fields does not vanish,
where it becomes a Lie subalgebra of

0 0 0
VRic:<X0 87X1_X8 X2—X g>25[2

[X0, X1] = Xo, [Xo, X2] = 2X1, [X1, X2] = Xa.

Removing technical conditions is very interesting. For bump functions f;(x) as below:

A

— 2 _ A % 4
Xi= ﬂ(x)a, [Xi, Xj] =0, /{F—\\\ f—’\\ ‘m
: I

i=1,2,3,4,...

Note that Xj = y“%, for k > 2, is not (even smooth) diffeomorphic to any element
of VRic around y = 0:
dx 0 dy
)k (Y( g YO =0, —(0) #0,
X dx

since the first non-zero coefflaent of the Taylor expansion in x is k (Hitchin's

X = y(x

The local classification of finite-dimensional Lie algebras of analytic Hamiltc

Javier de Lucas Araujo



Classifying finite-dimensional analytic Lie algebras of vector fields

Problems with Lie's classifications

Excerpt from A. Gonzélez-Lépez, N. Kamran, and P.J. Olver, Lie algebras of vector
fields in the real plane, Proc. London Math. Soc. 64, 339-368 (1992).

These results will, we hope, clear up some confusing and contradictory
statements in the literature on this problem. The classical authors, for example,
Lie, Campbell, Bianchi, etc., never really made it clear whether they were
working over the real or the complex numbers, which has led to confusion among
more recent authors. For example, in their translation and commentary on Lie's
paper [9], Hermann and Ackerman assert that the lemma on triangularization of
matrices holds only over the complex numbers [9, p. 296], while the commentary
is clearly aimed at real vector fields. A similar mis-statement occurs in Bluman
and Kumei’s recent book on symmetry groups of differential equations [3, p. 129],
where it is falsely asserted that Campbell [5] obtained the classification of vector
fields over R Bluman and Kumei go on to use Campbell’s complex classification

The modern local classification of Lie algebras of analytic vector fields on the plane is
called the GKO classification.
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Classifying finite-dimensional analytic Lie algebras of vector fields

Finite-dimensional Lie algebras of analytic vector fields on the plane |

If not otherwise stated, Lie algebras of vector fields are finite-dimensional and analytic.
Generalised distributions are called distributions. Hereafter, N is a manifold.

Definition

Given a Lie algebra V of vector fields on N, its associated distribution is the
distribution DY on N spanned by the vector fields of N, i.e.

DY = (X(x)|X € V),  Vx€EN.

A distribution DV is involutive and integrable, but not necessarily regular.

Definition

A regular point of a Lie algebra V of vector fields on N is a point where the associated
distribution D is locally regular. If a point is not regular, it is called singular.

For instance, a vector field X on N with an isolated zero at xp € N spans a
one-dimensional Lie algebra Vx, but its associated distribution, DVYX | has a singular
point at xp € N.

Definition

A Lie algebra V of vector fields on R? is imprimitive when there exists a rank-one
distribution D C TR? such that [X, Y] takes values in D for every X € V and every
vector field Y taking values in D. Otherwise, V is called primitive.

= =
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Classifying finite-dimensional analytic Lie algebras of vector fields

Finite-dimensional Lie algebras of analytic vector fields on the plane Il

Table 1: The GKO classification of the 8 finite-dimensional real primitive Lie algebras of vector fields on
the plane. Note that § = g4 x go means that g is the direct sum (as linear subspaces) of gy and gy, with g,

being an ideal of g.

# Primitive Basis of vector fields X; Domain
Pi A,~BxR? 0z, 0y, a8 + y0y) +yd: — 28y, a >0 R2

P sl(2) 8z, 20; +y0y, (37 — 4*)8s + 2zy0, 20
P;  s0(3) yd, — 28y, (14 2% — y2)8, + 2098y, 2098, + (1 +y* — 2%)8, R?

Py R’k R’ Oz, Oy, 20z + yy, ydz — 20, R?

P sl(2)xR? Oz, 0y, 20 — yby, yO, x0, R?

Ps  gl(2) x B? Oz, Oy, w0z, Yz, w8y, y0y R?

Pr  s0(3.1) 8,,0,, 28, +yd,, yB, —xd,, (®—y*)8,+2xyd,, 2ey0, + (y* —22)8, R?

Pz sl(3) 8y, Oy, w0z, yBe, w0y, yBy, 220, + wydy, Tyd; + y'dy R?
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Classifying finite-dimensional analytic Lie algebras of vector fields

Finite-dimensional Lie algebras of analytic vector fields on the plane Ill

Table 2: The GKO classification of the 20 finite-dimensional real imprimitive Lie algebras of vector fields.

# Imprimitive Basis of vector fields X; Domain
I R [ R2
Iz bz Oy, wly R2
Iz s1(2) (type I) O, 20, 220 R?
L. s1(2) (type II) B + By, 20, + ¥y, 20, + ¥ 0, RZ,,
I, sl(2) (type D)  8,,2z8, + ydy, =28, + zyd, RZ,,
I gl(2) (type D By, Oy, w8, 220, R2
1, al(2) (type ID) 8., y8,, 28, 120, + xy8, RZ_,
Iy B,~RxR?® 8,,08,20, +oyd, 0<|al<l RP
Iy bhae@hs By, 8y, 78, 48, R2
Lio sl(2)hs 8,,0,, 20, yd,, 220, R?
I, sl(2) @sl(2) 8,,8,, 20, y8,, 20, ,y*0, R?
Iis  Rr+! By, E1(2)By, .. En(@)By, T =1 R2
Lz RxR+! 0y, 4By, &1 (2)8,, . .., (@), T=1 R2
Iia Rx R" 8o (x)By. ()0, ... e (2)0,, r2=1 B2
Ls RZxR" B, 0By 1 (2)ys - ()8 T 1 R2
Lis CL~bhxR* 8,0, 28, +aydy,zd,,...,z78, r=1, aeR R2
ILi; Rx(RxR") 8,8, 28, + (ry + z")8,,20,,...,27 '8, r=1 R2
Lis  (ha@R)xR™ 8,8, 08,28, u8,, 20y, ..., "8y, r=>1 R2
Ly si(2) s R+ 8,,8,, 78,220, +ryd,, 228, + reyd,, 28,, . 770, =1 R?
Lo gl(2) x R+ 0,,0,, 8,20, yb,, z28, B Fryd,, 220, ... 278, r> R2
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Classifying finite-dimensional analytic Lie algebras of vector fields

Relation between Lie algebras of analytic vector fields on the plane

A. Ballesteros, A. Blasco, F. J. Herranz, J. de Lucas, C. Sardén, Lie-Hamilton systems
on the plane: properties, classification and applications, J. Differential Equations 258,
2873-2907 (2015).

A.M. Grundland and J. de Lucas, A Lie systems approach to the Riccati hierarchy and
partial differential equations, J. Differential Equations 263, 299-337 (2017).

Table 3: Non-exhaustive tree of inclusion relations between classes of the GKO classification. The
diagram details all Lie subalgebras of I;; and P;. We write A — B when a subclass of A is
diffeomorphic to a Lie subalgebra of B. Every Lie algebra includes I;. In bold and italics are
classes with Hamiltonian Lie algebras and rank one associated distributions, respectively. Colors
help to distinguish the arrows.

‘}ﬁim 6
;dim 5=
j:dim 4
:dim 3—

i

i
1dim 2 — I
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Classifying finite-dimensional analytic Lie algebras of vector fields

Proposition

Every Lie algebra of conformally Euclidean (resp. hyperbolic) vector fields on R? is
locally diffeomorphic to a Lie subalgebra of P7 (resp. l11).

We have the following conjecture (partially proved). Recall that projective vector fields
of a metric are those whose flow map geodesic into geodesics up to reparametrisation.

Every Lie algebra of projective vector fields on R? relative to a flat Riemannian metric
(resp. flat (1,1) pseudo-Riemannian) is locally diffeomorphic to a Lie subalgebra of Pg

(resp. lap).

The above summarises all the GKO classification apart from |12 and l;3, but they can
also be geometrically described as symmetries of degenerate two-contravariant
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Lie algebras of analytic Hamiltonian vector fields on the plane

Symplectic manifolds

Definition

A symplectic manifold (N,w) is a manifold N along with a closed non-degenerate
two-form w on N, whether non-degenerate amounts to the existence of n € N such
that w" is a volume form on N.

&

Definition

We say that X is a Hamiltonian vector field if txw = df for a certain function
f € C>°(N). We say that f is a Hamiltonian function for X. Conversely, each f
induces a unique Hamiltonian vector field Xs.

.

Proposition

The space Ham (N, w) of Hamiltonian vector fields for a symplectic manifold (N,w) is
a Lie algebra.
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Lie algebras of analytic Hamiltonian vector fields on the plane

Proposition

Every symplectic manifold (N, w) induces a Poisson bracket (C>°(N), -, {:,-}) of the
form

{fag} = w(XﬁXg) = ng7 vf,g € COO(N)
It can be proved that X¢f .y = —[Xr, Xe].

Proposition

A symplectic manifold (N, w) induces an exact sequence of Lie algebras

0= R < C®(N) £5 Ham(N,w) — 0,

where B¥(f) := — Xy for every f € C°(N) .

The local classification of finite-dimensional Lie algebras of analytic Hamiltc
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Lie algebras of analytic Hamiltonian vector fields on the plane

Poisson manifolds

Definition

A Poisson manifold (N, {-,-}) is a manifold N along with a Poisson bracket
{:,-} : C°(N) x C°(N) — C°°(N). Such a Poisson bracket is called a Poisson
structure.

The Poisson structure induces a bivector A € I(A2 TN) such that
{f.g} = A(df, dg).

The Jacobi identity is equivalent to the condition [A, A]lsg = 0, where [A, A]sg is the
Schouten-Nijenhuis bracket. Then, we can refer to Poisson manifolds as (N, {-,-}) or
(N, A).

Definition

We say that X is a Hamiltonian vector field if there exists an f € C°°(N) such that
Xg = {f, g} for every g € C>°(N). We call f a Hamiltonian function for X.

The local classification of finite-dimensional Lie algebras of analytic Hamiltc
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Lie algebras of analytic Hamiltonian vector fields on the plane

Proposition

The space Ham(N, A) of Hamiltonian functions for a Poisson manifold (N, A) is a Lie
algebra.

Proposition

We say that f is a Casimir function of (N, {:,-}) if Xy = 0. We write Cas(N, A) for
the space of Casimir functions for (N, A).

Proposition

Every Poisson manifold (N, w) induces an exact sequence of Lie algebras

A
0 < Cas(N,A) = C®(N) £5 Ham(N,A) — 0,

where B\ (f) = — X for every f € C>®(N).

Javier de Lucas Araujo
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Lie algebras of analytic Hamiltonian vector fields on the plane

Hamiltonian Lie systems on the plane

Consider the nonautonomous complex Bernoulli differential equations of the form

% = a1(t)z + a2(t)2", n¢{0,1}, z€eC, (1)

where a1(t) = ial(t) and ax(t) = af(t) +iah(t) for real t-dependent functions
al(t), ak(t), al(t). Writing z = rel?, system (1) becomes

% af(t) r" cos[f(n — 1)] — ab(t) r"sin[0(n — 1)], -
2
do = al(t) + af(t) r"Lsin[0(n — 1)] + ab(t) r" ! cos[f(n — 1)].

dt
This system is related to X = al(t)X1 + al(¢) X2 + a}(t) X3, where
7] 7] 7]
X1 =—, Xo = r"cos[f(n — 1)] = + r"“Lsin[(n — 1)] =,
00 or 00 3)
X3 = —r"sin[0(n — 1)]% + r" L cos[f(n — 1)]%
span Lie algebra, VOB ~ R x R ~ (X;) x (X2, X3), with commutation relations
[X1, Xo] = (n—1)Xs, [X1, X3] = =(n — 1) Xz, [X2, X3] = 0. 4)

So, X takes values in VCB and becomes a Lie system. Since X; A Xz # 0 and

adx, : X; € (X2, X3) = [X1, Xj] € (X2, X3) is diagonalizable over C but not over R,
then VOB ~ Py ~ is0(2).
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Lie algebras of analytic Hamiltonian vector fields on the plane

Consider the Poisson bivector
A= r2n—1£ 2
or 00
turning the elements of V = (X1, X2, X3) into Hamiltonian vector fields. Indeed, some
Hamiltonian functions for Xy, X5, X3 read

_ 1 hy = sin[0(n — 1)] _ cos[f(n — 1)]
(2n — 2)r2n—2’ rm=1(n—-1)’ rm=1(n—-1)"’

(5)

hy

correspondingly. These functions along with hg = 1 fulfill
{hi, ho}p = —(n=1)hs, {hi,hs}r=(n—1)hy, {h2,h3}n=ho, {ho,-}n=0.

Hence, system (2) with al¥(t) = 0 is a LH system as it is related to a t-dependent
vector field taking values in a Vessiot—Guldberg Lie algebra V' of Hamiltonian vector
fields relative to A. Meanwhile, the LH algebra spanned by h, hy, h3, hy is isomorphic
to the centrally extended Euclidean algebra iso(2).

Relevant property

N=Xo A X3 — Lx. N =0, [A,A]lsy = 0.

It is worth noting that the initial system can be studied as holomorphic. This
simplifies some expressions, like (2), and make more complicated others, like (5), but
the final idea is independent of the coordinate description.
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Lie algebras of analytic Hamiltonian vector fields on the plane

Turning a Lie algebra of vector fields into Hamiltonian ones relative to a symplectic
form involves solving a system of PDEs.

Definition

Given a vector space V of vector fields on U, we say that V admits a modular
generating system (Up, X1, ..., Xp) if Uy is a dense open subset of U such that every
X € V|y, can be brought into the form X|y, = 27:1 giXi|u, for certain functions
g1,---,8p € C>®°(Up) and vector fields Xi,..., X, € V.

Let V be a Lie algebra of vector fields on U C R? admitting a modular generating
system (U1, X1, ..., Xp). We have that the space V consists of Hamiltonian vector
fields relative to a symplectic form on U if and only if:

o Let g1,...,8p be certain smooth functions on Uy C U. Then,

P P
X|u, =D &iXily, € V]y, = divX|y, =D gidivXily,,
=il i=1
where divX is relative to dx A dy.
@ The elements Xy, ..., X, admit a common non-vanishing integrating factor on U.

If the rank of DV is two on U, the symplectic form is unique up to a multiplicative
non-zero constant.

= ™ - - =

Javier de Lucas Araujo The local classification of e-dimensional Lie algebras of analytic Hamiltc



Lie algebras of analytic Hamiltonian vector fields on the plane

Proposition

Let V be a Lie algebra of planar vector fields. The vector fields of V are Hamiltonian
with respect to a bivector field A € V A V\{0} if and only if V admits a
one-dimensional trivial Lie algebra representation within V A V.

\,

a) Lie algebra I16 = (Ox, 0y, xOx — ydy,x0y,...,x"0y). We have

[0x,0x A Oylgn = O, [xOx — yBy,0x A Oylsn = —Ox A Oy + Ox N Dy =0,
[0y, 0x A dylgn = O, X8y, 0 A dylsn = =ity ADy =0,  j=1,...,r.
Hence, W = (0x A 0y) C V A V is a trivial one-dimensional representation of V. As a
consequence, Ox A Oy turns all the elements of W into Hamiltonian vector fields.

b) Lie algebra I14g = (dx, 8y, m2(x)dy, . .., nr(x)dy). The Lie derivatives of
A:=0x A0y € VAV with respect to elements of I;4p vanish:

on;
[0x, Ox A Oylgn = [0y, 0x A Bylgn =0,  [mj(x)9y,0x A Bylsn = —8—;@ A9y, =0,

for j=2,...,r. This turns W = (9x A 9y) into a trivial one-dimensional
representation of V. So, V consists of Hamiltonian vector fields relative to A.

The local classification of finite-dimensional Lie algebras of analytic Hamiltc
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Lie algebras of analytic Hamiltonian vector fields on the plane

If V is a planar Vessiot—Guldberg Lie algebra admitting a two-dimensional ideal | such
that / Al # {0} and the elements of V act on [ by traceless operators, namely the
mappings ¥x : Y € | — [X, Y] € | are traceless for each X € V, then V becomes a
Lie algebra of Hamiltonian vector fields with respect to every element of / A /\{0}.

Example: Lie algebra Py = (0, 8y, yOx — x9y)

admits a two-dimensional ideal | = (9x, 8y ) satisfying that | A | # {0}. Moreover,
Ox, Oy, yOx — x0y act as traceless operators on /. In view of Theorem 1, the basis
Ox N\ Oy of I NI becomes a Poisson bivector turning P1 into a Lie algebra of
Hamiltonian vector fields.

Example: Lie algebra Ps = (9x, 0y, yOx, X0y, x0x — ydy)

We have that | = (9x, dy) is an ideal of Ps with / A | # 0 and it is straightforward to
prove that all elements of Ps act as traceless linear operators on /. Hence, Theorem 1
ensures that Ps is a Lie algebra of Hamiltonian vector fields relative to the basis
N:=0x N0y of INI.

The above method works for most non-simple Lie algebras of Hamiltonian vector fields

= = = = =
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Lie algebras of analytic Hamiltonian vector fields on the plane

Classification of Lie algebras of Hamiltonian vector fields on

# Primitive Hamiltonian functions h; w Lie-Hamilton algebra
P, Ag ~ is0(2) yo —x, 363 +y?), 1 dx A dy Ts0(2)

1 X X2 4+ y? dx A d
P, si(2) S A === s1(2) or s1(2) B R

y y y
P ) ! , by (3) or 50(3) &

s0 s 50(3) or so
3 2(1 + x2 + y2) 1+><2-¢-y27 (1+x2 +y2)2
X
— 1

14 x2+ )2
Ps s1(2) x R? Y, —X, Xy, %y2, 7%)(2, 1 dx A dy sl(2) x R2 ~ hg
# Imprimitive Hamiltonian functions h; w Lie-Hamilton algebra
I R [V F(y)dy’ f(y)dx A dy R or R?

1 X+ X dx A d
s 51(2) (type Il) R AN A e 51(2) or s1(2) B R

x—y 23x—y) x-—y (x—v)
| 2 11 x « dxndy 2 2 R
5 51(2) (type I11) _?1 —}77 _ﬁ T ﬂ)ors[()@
Ig B_1 ~iso(1,1) Y, —x, xy, 1 dx A dy iso(1,1) =~ by
I12 R+ — [ )dx", — [ (x")E;(x")dx"  F(x)dx A dy R or R2
l1an R x R (typel) y, = [*nj(x")dx", 1¢ (n;) dx A dy Rx R or (RxR") @R
l14B R x R" (type II) y, —x, — [*¥ nj(x/)dx/, 1 dx A dy (R x Rr)
s+l
he  Chy=bpRFL oy —xoy, - 1 dx A dy by x R7FL
J+

al Lie algebras of analytic Hamiltc

Javier de Lucas Ar:



Lie algebras of analytic Hamiltonian vector fields on the plane

Examples of Lie—=Hamilton systems on the plane

Table: Specific Lie-Hamilton systems according to the GKO classification.

LH algebra # LH systems

s1(2) Py Milne—Pinney and Kummer—Schwarz equations with ¢ > 0
Complex Riccati equation

s1(2) Ig Milne—Pinney and Kummer—Schwarz equations with ¢ < 0
Split-complex Riccati equation
Coupled Riccati equations
Planar diffusion Riccati system for ¢g = 1

s0(3) P3 Integrable system with trygonometric non-linearities

s1(2) Is Milne—Pinney and Kummer—Schwarz equations with ¢ = 0
Dual-Study Riccati equation
Harmonic oscillator
Planar diffusion Riccati system for cg = 0

he ~ s(2) x R?2 Ps Dissipative harmonic oscillator
Second-order Riccati equation in Hamiltonian form
hp R xR Iﬁj Complex Bernoulli equation

Generalised Buchdahl equations

Lotka—Volterra systems
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Lie algebras of analytic Hamiltonian vector fields on the plane

Outlook

o We are studying the classification of analytic and smooth finite-dimensional Lie
algebras of vector fields on the plane around singular points and the general
three-dimensional one.

o We are studying the classification of finite-dimensional Lie algebras of smooth
vector fields on the real line around singular points.

o Applications to the stability of systems are being analysed.
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